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Abstract: New and more general inequalities can be obtained by using non-singular and
non-local integral operators with different kinds of convex functions. In this study, we
obtained novel integral inequalities for quasi-convex functions which is different kind of
convex functions with the help of Atangana-Baleanu fractional integral operator by using
the integral identity that has been proved by Set et al. in [7]. Main findings produce new
estimations for particular values of the order of the fractional integral operator.
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1 Introduction

Different kinds of functions that have useful features are used in many areas of
mathematics as analysis, geometry, applied mathematics, fractional analysis. One
of these kinds of functions is convex functions. This interesting class of function is
defined as follow.

Definition 1.1 The function f: [a, b] £ R — R, is said to be convex if the
following inequality holds

flAx + (1= A)y) < Af(x) + (1 =D (¥) @)
forall x, ¥ € [a,b] and A € [0,1]. We say that f is concave if (—f) is convex.

After by the defining of convex function, mathematicians obtained many new
inequalities by using this valuable concept. The most important one of these
inequalities has been given in the following inequality, which is well-known in the
literature and proved by Hermite-Hadamard.
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Assume that f:1 = R — R is a convex mapping defined on the interval I of R
where a < b. The following statement;

f(a+b) < i_r:f(xjdx = f':ﬂ};'f':b} (2)

holds and known as Hermite-Hadamard inequality. Both inequalities hold in the

reversed direction if f is concave.
We will remember the definition of quasi-convexity as following (see, e.g. [12]):

Definition 1.2 Let f:I E R — Rforall 4 € [0,1] and all x, ¥ € I, if the
following inequality
fAx + (1 — Dy) = max{f(x).f ()

holds, then f is called a quasi-convex function on I.

To provide detail information on convexity, some different type inequalities and
more, see the papers [5,7,9,14-16,20,22-25].

The fractional analysis, which is the theory of derivatives and integrals of
fractional order, defines a wide variety of different types of operators with non-
integer order. Fractional analysis let us to define various phenomena and effects in
natural and social sciences and it is applied in diverse and widespread fields of
engineering and science such as electromagnetics, viscoelasticity, fluid mechanics,
electrochemistry, biological population models, optics, and signals processing.
Fractional analysis realizes its effectiveness and applications in these areas with the
help of different fractional operators defined by many mathematicians. Now let’s
introduce some fractional derivative and integral operators that have proven their
effectiveness in different fields.

Firstly, we recall the Caputo-Fabrizio fractional integral operators as following.

Definition 1.3 [2] Let f € H*(0,b), b = a, & € 0,1] then, the definition of the

left and right sides of Caputo-Fabrizio fractional integral is:
11—

(SO = 55 f O + 552 FO)ay,
and
(FE)O =55 FO +55 ), FO),

where B (a) is normalization function.

In this paper, we will denote normalization function as B () and I'(.) is Gamma
function.

Atangana and Baleanu introduced a new derivative operator using Mittag-Leffler
function in Caputo-Fabrizio derivative operator to eliminate some of the
shortcomings of the Caputo-Fabrizio derivative operator as following.

28



E. SET, A. KARAOGLAN, A. 0. AKDEMIR NOVEL ESTIMATIONS FOR QUASI-CONVEX

Definition 1.4 [8] Let f € H(a,b), b = a, a € 0,1] then, the definition of the
new fractional derivative is given:
Bia )
B DEF O] = 22 1 F' (DE, [-a 2

(1-a)

| dx.

When alpha is zero in (1.3), the original function is not recovered except when at
the origin the function vanishes. To avoid this issue, Atangana and Baleanu
propose the following definition.

Definition 1.5 [8] Let f € H(a,b), b = a, a € 0,1] then, the definition of the

new fractional derivative is given:
Bla)d (t—x)

ﬂiﬂf[f(t}] - 1— dt “r:f[xjgﬂ [_a (1—a) dx.

Equations (1.3) and (1.4) have a non-local kernel. Also in equation (1.3) when the
function is constant we get zero.

After Atangana-Baleanu defined the derivative operators above, they defined the
following associated integral operator, the definition of which has become a
necessity.

Definition 1.6 [8] The fractional integral associate to the new fractional derivative
with non-local kernel of a function f € H*(a,b) as defined:

AE o 1= d £ _ a—1
O} = 55O + o [ FOI =)y
where b = a,a € [0,1].
In [1], Abdeljawad and Baleanu introduced right hand side of integral operator as

following; The right fractional new integral with ML kernel of order o € [0,1] is
defined by

BLF O} = 5 O+ sl FOI — 0y

Bia)Tia)

For more information related to different kinds of fractional operators, we
recommend to the readers the following papers [2-4,6,10,11,13,17-19,21].

We will give the identity that will be useful to obtain main results and provided by
Setetal. in [7] as follow.

Lemma 1.1 Let f: [a, b] — R be differentiable function on (a, b) with @ < b.
Then, we have the following identity for Atangana-Baleanu fractional integral
operators

zlib—ﬂ}vlc::ilﬂ—;iia+:rirx} [f[:ﬂ,:] + f(b:] + Ef [E:b)]
_ 2T B (2T (&)

[h—g)®+e

atb

| rzar @+ er (S2) +Earer(n)+ 42 1f (2]
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=l @-or—ep (FrarTo)aee fo @ - a-omr (o
1-¢ )dt

2

where a,t € [0,1], T'(.) is Gamma function and B(@) is a normalization
function.

The purpose of this paper is to provide some new integral inequalities for
differentiable quasi-convex functions that includes the Atangana-Baleanu integral
operator. Some special cases are also considered.

2 Main Results

Theorem 2.1 Let f: [a, b] — R be differentiable function on (a, b) witha < b
and f' € Ly[a, b]. If | '] is a quasi-convex function, we have the following
inequality for Atangana-Baleanu fractional integral operators:

| El:b—rz::l':i+l:1—n:}1:'x+“]"l:n:} [f[ a) + F(b) + zf(ﬂ+b)]

I__b—ﬂ:l'x""

_ M E@r(a) [—‘wrm fla)+E1ef (22) + u+afﬂf(bj+—‘w I f (““’)] |

[h—g)®+:

o
= 4max;L|f |

Fimf}
- a+l !

where e € [0,1], B(a) is the normalization function.

Proof. By using Lemma 1.1, we can write

| ZI:b—E}':i+I:1—E}1:'x+“]"|:rx} [f( ] +f[b] + Ef(ﬂ+b)]

Lb_ﬂ:ln‘&_

_ M E@r(a) [—‘wrm fla)+E1ef (22) + u+afﬂf(bj+—‘w I f (““’)] |

[h—g)®+:

|..rc- ((1—-t)=—t=)f" (1+r )dt+ fﬁ (t= — (1 —)2)f (1+f

a) dl

"‘II
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f*[%mt?b}‘dr + [l e

ff(%ﬁ?bndr
f (1+: )‘dt.

By using the definition of quasi-convexity for ||, we get

<[, 1-9

+ ful te|f

((Eb+Za)|dt+ [ -0

|2(b—a}“+r1—a}:

0T 1@ [f(a) + £(b) +2f (22))]

2B (2T (a)

-y [Aafa+hf(ﬂ]+£f“f(m] a+af“‘f(bj+“l‘9[“‘f(“+b)]|

< 5 (=) max{f' (@)l If () }dt + [ t*max{|f'(a)L.If' (b)[}de

+ [7 t*max{lf' (B)LIF (@) }dt + [T (1 — £)max{lf (B)L1f" () }dt.

By computing the above integrals, we obtain

|2(b—a}“+r1—a}:

,:b‘_ﬂj,m._mr':“} [F(@) +F) + 27 (22)]

_ M E@r(a) [—‘wrm fl@)+4E12f (222) +4 8 1o f (B) +42 12 f (“’)] |

(b—g)®+*
4max| |f lfz}l |f lb}l}

= o+l
and the proof is completed.

Corollary 2.1 In Theorem 2.1, if we choose & = 1, we obtain

| ra+r)+2r(22)
b—a (b— E:Iz

f f(x)dx| < max{[f'(a).|f () [}-

Theorem 2.2 Let f: [a, b] — R be differentiable function on (a, b) witha < b
and f' € Ly[a, b]. If |f'|? is a quasi-convex function, then we have the following
inequality for Atangana-Baleanu fractional integral operators

2ib—a)¥+(1-a)2

|2 OO [£(0) + £ () + 27 (22)]
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— T E@r(n) [fwra of(@)+4E 10 (22) + u+aI“f(b]+A‘EI§f(ﬂ+b)]|

[h—g)®t

max al| JF
_ AHmex{l @)%l )| }}_

(ap+1)P
wherep >+ gt =1, a €[0,1], q = 1, B(a) is the normalization function.

Proof. By using the identity that is given in Lemma 1.1, we have

2p—a)T+i{1-a)z™t

|2 DI [0y 4 £ (b) +2f (2]

e [Mf“”f (@+417f (3) +aror @+ 1 (7))
f(Za —|——b}‘dt—|—_|’ e |f (L2 +505)| e
+~rul t= |f (1+rb —|——rx)‘dt+_|r (1-— (%b +?a)‘dt.

By applying Hoélder inequality, we have

2bp—a) ¥+ 1-a)2%t

|2 DI [0y 4 £ (b) +2f (2]

—bf’—;‘”[fw; o f()+4E1°f (22) + u+aI“f(bj+A‘EI§f(E+b)]|
<(f a- ramar)iu (a5 )
(a1 | )
(1 e (3|7 (o) ) |
+(fFa- tj“’?’dtj (] (B + 2a) | )"

By using quasi-convexity of | ' |9, we obtain

2 b—a) " +{1-a)2™"

|22 TS £ (@) + £ () + 27 (2]
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29 B e ()

e [Mf@f(aﬁ*‘w f(

egt+b

)+t f B)+ 1 (%57) )|

<(f (1—rjmdr) (13 max(iF' @17 @)1° jae)*
+(f r“dr) (J; max{lf'(@1%1f' (B)]7 }dr)
([ emear)? (1 max{|f' ()1, If’ (a)1)de)*
+(f (1—’-‘3“"’&1‘) (J; max{lf' @)% If @] }dt)

By calculating the integrals that is in the above inequalities, we get

2B-a)"+(1-a)2" T (a)

RO (@) + (0 +2f ()]

25 B T ()

T [“’fmf(aﬁﬂﬁ 1°f (%

ath

)+ Lol D)+ (““’)] |

L Hme={lr @I @) )i _

(ap+1)P
This completes the proof.

Corollary 2.2 In Theorem 2.2, if we choose & = 1, we obtain

f{rz}+f|:b}+2f|::%h} J. dx [max{|ff.:rz}|{|ff.:b}|‘?}}E
b—a (b— E:Iz f[ :] | : )

(p+1)F

Theorem 2.3 Let f: [a, b] — IR be differentiable function on (a, b) witha < b

and f' € Ly[a, b]. If |f'|? is a quasi-convex function, then we have the following
inequality for Atangana-Baleanu fractional integral operators:

2B-a)"+(1-a)2" T (a)

RO (@) + (0 +2f ()]

25 B T ()

.:b—é}"“i [AEIE hf(ﬂj‘i'AE fﬂf(ﬁb)ﬂ' u+afﬂf(bj—|—“w[§f (“+b)]|
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< 4(L)1_% (m—xﬂff'iﬂﬂqJ|ff'ib}|q})E |
at+l at+l

where & € [0,1], g = 1, B(a) is the normalization function.

Proof. By using Lemma 1.1, we get
| 2ib—a) +i1-a)2™ "

T 1O [f(a) + F(0) + 27 (22))]

~Tsar@ [—% oF(@)+415F (52) + Bl (0) +° 15

[h—g)®+:

)

(
)| dt

F(Ea 0@ + e

(1+r rb

(1+r 1 ra)‘dt

+ e | (B +a)|ae+ [ 1 - o)

By applying power-mean inequality, we obtain

2 b—a) " +{1-a)2™"

|22 TS £ (@) + £ () + 27 (2]

—#L“}ff“}[ﬂfmf(aﬂﬁ 1of (452) + Bl F D)+ I f (““’j] |

(z—a)*®

(1+r tb ‘th)
(s ) a)

(Hrb—l-—a)rdt)%

<(f; a- tj“‘dt) {
(1 rﬂdr)l (g2 e s
(5 e2ae) 2 (7 o= s

_|_

P 20 )

+( (1—::)%:)1_3 (fa-o°

By using the definition of quasi-convexity for | |9, we deduce

| 2ujb—u}9:+(1—rx}1:_"‘+'-r(rx} [f( @) +F(b) +2F (E+b)]

__b_ﬂja-‘-
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29 B e ()

i | it f@aref (70) Harr @)+ (5]

<(f (1—0“&’-‘)1_3 (f (1= &)*max{If' ()| |f' )" }drj
(f trxdtj {f t*max{|f’(a)|%, |f' [bjlq}dt)E
(f trxdt) {fD t=¥maxf|f' (b)19,|f (a)|? }d::)E

-I-(Jrui (1— tjzdt)l_ﬁ( [F (1= £)%max{| f' (b) 9, |f [a]l'?}dt)

_ (2 e (el @l el e
=4 (E:I) ( a+l '

So, the proof is completed.

Corollary 2.3 In Theorem 2.3, if we choose & = 1, we obtain

[r@+rrear(S5)] mex{)r't2)| U7 2% \2
| — o, Fdx] < 22 - :

r

Theorem 2.4 Let f: [a, b] — R be differentiable function on (a, b) witha < b

and f' € L,[a, b]. If | f'|? is a quasi-convex function, then we have the following
inequality for Atangana-Baleanu fractional integral operators:

|2(b—u}“+r1—a}2“+

002 1@ [f(a) + £ (5) +2f (22))]

2'x+"E‘I'ﬂ:}]"I'ﬂ:}

SR [ 18 (@) +42 fﬂf(“*b)+@fﬂf(bj+ﬂf§f(“ﬁ]|

3 4ma.xi|f Lﬂ}l |ff':b]'|q}
= plap+1) g '

wherep 1+ g 1 =1, a € [0,1], g = 1, B(a) is a normalization function.

Proof. By using identity that is given in Lemma 1.1, we get
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o A [16) 4 f(b) + 21 (22)

| (b—a)2+t

|:b_ E::IIJII+‘_

|
el OB AT CO I W GRS Z1CO |
)

(1+r rb ‘dt

f'(Za +—b}‘dt + R ee|f

<[, 1-9

+ [ 2 |f (“rb -I-—a)‘ dt+ [ (1—t
By using the Young inequality as xy = E;'::?’ + E};q, we can wrlte

zlib—u}"‘+(1—rz}2"‘+'-r(rz} [f( a) + f(b) + 2f (a+b)]

|2
2 g (@) +ninf (452) + Bt )+t f (357
<iffa-p@a+if (B a+15)|" dr
+ifemde+ L ‘f (2 —|——b}‘th
—f t‘*‘i”dt—i-—f ‘f 1+rb+—a)‘th
i a-oma+i | (55 b+a)| ar.

(Ht + u a)‘ dt.

By using quasi-convexity of | f' |9, we obtain

2(p-a)*+(1-a)2"**r(a) [f[ a) + f(b) +2f (Hb)]

| (B—g)®+E

—tf—;ﬂ'x} [*‘w’fmf(a]#” o (22)+ a+af‘zf(b]+“l‘9[“f (““’]] |
<> fy @-odt+2 [ max(If" ()17, If (B)1)d
+2 [y e de + 2 [} max{If' ()19, If(B)|7)at
+2 [y e de + 2 7 max{If' (B) 17 I (a) |}t
+2 Jy (=) de + [F max{If' (B)I%If" (@) |7}t

s smex{| 7'(a)| %] ' (2) )]

plap+l) q
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So, the proof is completed.

Corollary 2.4 In Theorem 2.4, if we choose & = 1, we obtain

Flay+rp)+2r(22) 4

Emaxilf'lia}lqalfr':b:'lq}

11.

12.

13.

14.

15.

b .
[ Faydx| < = + .

b—a (b—a)® q
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